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Highly Restricted Partitions* 

Hansraj Gupta** 
(May 20, 1 969) 

The function g(n, m, h, k) , which enumerates the number of partitions of n into exactly k sum- 
mands each less than or equal to m and in which the number of different summands is exactly h, is 
here tabulated and studied. 
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1. Introduction 

The problem is to find the number g(n, m, A, k) of partitions of n, into exactly k summands 
each ^ m, just A (and any A) of the natural numbers ^m being used as summands, in any partition. 
Evidently, we must have A ^ k and also A ^ m. 

EXAMPLE: Let /i=10, ra = 3, A = 2, and /r = 4. Then, there are just two acceptable partitions, 
viz., 

1,3,3,3 and 2,2,3,3. 

For 7i= 11, there is only one acceptable partition: 2, 3, 3, 3. For n ^ 4 or n ^ 12, there is no partition 
of the desired type. 

In what follows, we shall denote by #*(ft, m, h, /r), the number of those g-type partitions of 
n in which the greatest summand used is m, and by G(n, m, h, k) the number of those in which 
the number of summands is at most k (^ h) . Thus 



and 



g*{n, m, h, k)=g(n, m, A, k)—g(n, m— 1, A, k); (1.1) 

A- 

G(n, m, A, k) —\g(n 9 m, A,y). (1.2) 



k 

2. Some Useful Relations 



Let 
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be the graph of a g-type partition of n. (In the graph, we have n=17, A = 3, k = 6 and we take 
m = l.) Place crosses in each row so that the total number of stars and crosses in each row is 
(m+Y). Then the graph takes the form: 
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It will be readily seen that the crosses provide an acceptable partition of k(m+ 1) — n. The cor- 
respondence being one-one onto, we have: 



g(n, m, h, k) = g(k(m-\- 1) — n, m, h, k) . 



(2.1) 



(The two partitions may be spoken of as complementary.) 

Again, if m be the largest summand in a g-type partition of n, then in the conjugate partition 
(obtained by interchanging rows and columns in the graph) the largest summand is k and the number 
of summands exactly m. Hence 



Similar reasoning gives 



g*{n, ra, h, k) =g*(n, k, A, ra). 
G(n, ra, h, k)=G(n, k, h, m) . 



(2.2) 
(2.3) 



3. The Generating Function forg 

It is not difficult to see that g(n, m, h, k) is the coefficient of x"z k in 



JrjafcU-afc)- 1 , 



(3.1) 



where C 3 runs through each of the I , J sets of h distinct natural numbers < m. In other words, 
g(n, m, h, k) is the coefficient oi x"z k t h in 



m i+ i^> 



(3.2) 



i.e., in 



ft i ±f M^ i ). /(i);/(0)> 



(3.3) 



where 



with 



/(*) = ! + 



z(t-l) + 



z 2 (*-l) 2 + 



■♦[:] 



z m (t-l) 



{l-x m )(l-x m - 1 )(l-x m - 2 ) 



(1— *)(!-**) (l-x») . . . (l-*« 



r i(i+ D/2 
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The coefficient of t h 'mf(t) is 



I 



m 
// + ! 



z" +1 + . . . +(-1)' 



m — h 



z m = z h A h (x f z), say. (3.4) 



Breaking into partial fractions, we have 

m . m 

A h (x,z)Y[ (1 -***)->= £ BJ«(*)/(l-**z), 

1=1 ?'=1 

with 



and 



The coefficient of z k h in (3.5) is given by 

m 

F(x, ni,fc,*) = 2 fll* ) (*)* <( *"* ) . 

;=i 

Hence, ^(/z, ra, A, A) is the coefficient of x n in F(x, m, //, A). 
In particular, it can be shown that 

F(.x,3, 2,4)=x 5 +2* 6 + * 7 + * 8 + * 9 +2* 10 +* n . 

Hence, 

#(10, 3,2, 4) = coefficient of z 10 in F(x, 3,2, 4) = 2. 

It will be seen that the coefficient of z k t in (3.2), is 



Hence, 



: + x 2k + x 3k + . . .+x" ,k = x k (l-x" ,k )l(l-x k ). 
F(x, m, 1, i)=JC fc (l-x mfe )/(l-x' c ). 



(3.5) 



«{*>(*) =4k(*,*-<)/(l--x-i) • • • (l-^-OU-*) • • • {l-x m - { ), fori^2; 



B[ h Hx)=A h (x,x- i )l(l-x)(l-x 2 ) . . . (1-** 



(3.6) 



(3.7) 



THEOREM: F(#, m, A, fc) is a polynomial in x of degree exactly mk , in which 

the coefficients of terms equidistant from the beginning and the end are equal. 

It will be readily seen that 

g{n, m, /i, k) = for n< k-\ - , and also 



for n > mk - 



h(h-l) 



Moreover, 



g\ mk , m, ft, k ) = 1, 
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because the only g-type partition of mk is 

m — 1, m — 2, 77i — 3,. . . ., m— (h—\) , m, m, . . ., m. 
The rest of the theorem, follows immediately from (2.1). 

4. Reduction Formulas 

We observe that g(n, m, A, k) is also the number of solutions of the equation: 

a\X\-\- a2*2+ . . .-\-ahXh = n, (4.1) 

such that 

1 =5 a\ < a 2 < . . . < ah ^ 77i, 
and 

*i+*2 + . • .+*// = &, 

as and jc's being positive integers. 
Since (4.1) can be written in the form: 

(at — ai)x 2 + (a;* — ai)#3 + . . . -f (a/, — ai)^/, = n — ka u 
we have for A > 1, 

[(w-l)/7c] fc-1 

g(n, m, h, k) = V ^ g(n — ka u m — a u h — l, k — X\) , 

(li = l Xi= l 

,[(n-l)//c] 

- Y G(n-kj, m-j, A-l, A-l). (4.2) 

This provides a reduction formula for #(ti, tti, A, A:). 
From (4.2), we readily obtain: 

g(n, m, A, k)=G(n-k, in — 1, A— 1, A- 1) +g(/i-A, m-1, A, A), (4.2') 

which gives 

G(n — k, 771—1, A— 1, A:— l)=g(ra, tti, A, k) —g(n — k, tti— 1, A, A). 

Since 

G(n — k, 771—1, A — 1, A: — 1) =^(tt — /c, tti— 1, A— 1, A:— 1)+G(tt — A:, ra — 1, A — 1, A: — 2), 

we get 

g(n, m, A, k) =g(n — k, m — 1, A, A:) +^(ti — A:, tti— 1, A— 1, A:— 1) 

+ g(n-l, tti, A, A:-l)-g(7i-A, tti-1, A, fc-1). (4.3) 

For A = 1 , we have 

g{n, m, 1, k) = 1, when k\n and tt ^ A:tti; 

= 0, otherwise. (4.4) 
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As an alternative proof of (4.2'), we offer the following: 

The number of #-type partitions of n in which 1 appears as a summand is given by 
G(n — k, m— 1, h — 1, A;— 1), because reducing each summand by 1, we get a partition of (n — k) 
into at most (k—\) parts with each summand ^ (m — 1) and using (A— 1) distinct natural numbers 
^ (m—1) as summands. The number of partitions in which 1 does not appear as a summand 
is given by g(n — k, m—1, h, k). For, diminishing each summand by 1, as before, we are this time 
left with a partition of (n — k) into exactly A: summands each ^ (m — 1) and utilizing just h natural 
numbers^ (m—1) as summands. 

Hence the result. 

As an illustration of the use of (4.2), we evaluate #(16, 6, 3, 5) at some length. We have 

#(16, 6, 3, 5) = G(11, 5, 2, 4) +G(6, 4, 2, 4) + G(1, 3, 2, 4). 

Now, 

G(ll, 5, 2, 4) = #(11, 5, 2, 4) + G(11, 5, 2, 3); 
g(ll, 5, 2, 4) = G(7, 4, 1, 3)+G(3, 3, 1, 3), 

= 0+#(3, 3, 1, l)+#(3, 3, 1, 2)+g(3, 3, 1, 3), 

= + 14-0 + 1=2. 



G(ll, 5, 2, 3) =g(ll, 5, 2, 1) +#(11, 5, 2, 2) +#(11, 5, 2, 3), 

= + + G(8, 4, 1, 2)+G(5, 3, 1, 2)+G(2, 2, 1, 2); 
G(8, 4, 1, 2) =#(8, 4, 1, l)+#(8, 4, 1,2) =0+1 = 1; 
G(5, 3, 1, 2)=#(5, 3, 1, l)+#(5, 3, 1, 2)=0 + = 0; 
G(2, 2, 1, 2) =#(2, 2, 1, 1) +#(2, 2, 1, 2) = 1 + 1 = 2. 

Again, 

G(6, 4, 2, 4) =#(6, 4, 2, 1) +#(6, 4, 2, 2) +#(6, 4, 2, 3) +#(6, 4, 2, 4) 

= + G(4, 3, 1, 1)+G(2, 2, 1, 1)+C(3, 3, 1,2) + G(2, 3, 1,3), 

G(4, 3, 1, 1)=#(4, 3, 1,1)=0, 

G(2, 2, 1, 1)=#(2, 2, 1,1) = 1, 

G(3, 3, 1, 2)=#(3, 3, 1, l)+#(3, 3, 1, 2) = 1 + 0=1, 

G(2, 3, 1, 3) =g(2, 3, 1, 1) +#(2, 3, 1, 2) +#(2, 3, 1, 3) 
= 1 + 1 + = 2. 
Finally, 

G(l,3, 2, 4)=0. 

Hence 

g(16, 6, 3, 5) =9. 

Tracing backward, each one of the nine paths of reduction, this method enables us to write 
down the corresponding partitions as well. 
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Thus, one path of reduction is: 

S(2, 2, 1, 1)«-*(11, 5, 2, 3) <-g(16, 6, 3, 5). 
This gives in (4.1), 

ai = 1, #i = 2; a2 — ai = 3, ^2 = 2; #3 — a 2 = 2, #3 = 1; 
which leads to the partition: 1, 1, 4, 4, 6 of 16. The other partitions viz., 

1, 1, 2, 6, 6; 1, 1, 4, 5, 5; 1, 3, 3, 3, 6; 1, 3, 4, 4, 4; 

2, 3, 3, 4, 4; 2, 3, 3, 3, 5; 2, 2, 3, 3, 6; 2, 2, 2, 4, 6; 

can be similarly obtained. 

As another reduction formula, we have the following: 

[(w-l)//«] 

g(n, m, h, k) =g(n, m — l, h, k) + V g(n—jm,m — \,h — \,k—j), (4.5) 

j=i 

because g(n, m — 1, /i, A:) is the number of those partitions of ti in which m does not at all occur 
as a part, while the sigma provides the rest. 
From (4.5), we can easily deduce that 

g(n, m, ft, k) =g(n, m — 1, ft, k) + g(n — m, m — 1, ft — 1, A;— l)+g(ra — ra, 771, ft, A;— 1) 

— g(n — m, m — 1, A, A;— 1). (4.6) 

When m # A:, (2.2) gives the simpler result: 

g"(n, ra, ft, k)=g(n, TTi — 1, ft, A0+g*(7i, ra, ft, A:), 
= g(7l, 771—1, ft, A;) H-g-*(7i, A:, ft, 77l), 
= g(n, 771 — 1, ft, A:)+g(7i, A:, ft, m)—g(n, A:— 1, ft, 77i). (4.7) 

In computing the tables that are appended, we have made use of (4.6). The other formulas 
have served as checks. In view of (2.1), the tables give values of g(n, m, ft, A;) for 

k+ h(h-l) ^^^ [4( TO +l)/2] ; 771, ft, k ^10. 

The plan of the tables is easy to follow. For even values of ft, the values of g(n, m, ft, k) appear 
in the right-hand triangles and those for odd values of ft in the left-hand ones. 

For fixed n, ft, A:, the values of g(n, m, ft, k) are nondecreasing for increasing m. This is what 
could be expected. But, for fixed m, ft, k and increasing ti, the function g(n, m, ft, k) behaves 
quite irregularly. This is rather unusual. 

A close study of the tables, has led to the 
THEOREM: For any fixed m, ft and k, 

± g *(n, m,h,k) = ( m h Z \) (*I J). (4-8) 
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We offer a combinatorial proof. 
Let 
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be the graph of a ^-partition for some n. The graph determines uniquely and is uniquely deter- 
mined by its corner points: P h P>, Pa, . . ., Ph. These, in turn, are uniquely determined by 
and uniquely determine, two sets of A points each viz.. Q={Q\, Q>, . . ., Qh}, and /? = {/?i, 
/?2, • • .? Rh} obtained from the projection of the points Pi, P>, . • ., Z 3 // on the axes ofZ and Y. 
The points ^2, ft, • . ., Qh He strictly between and m (=Q\) on the X axis. The points /?i, 
7? 2 , . . ., /?/<-i lie strictly between and k (=/?/,) on the F axis. The total number of ways in which 



the (A— 1) points Q 2 , Q.u 



., (>/, can be placed between and m, is ( ). Similarly, the 



(A — 1) points /?i, /?2, • • .,/?/<-! can be located between and /c on the K axis in ( ) ways. 



Hence the total number of g*-partitions must be 



m — 1 
A-l 



Proceeding on the same lines, one can prove that 

k-\ 
A-l 



2 g(n, m, A, k) = 



k-\ 
A-l 



and the theorem follows. 



(4.9) 



and 



]£ G(ti, m, A, A;) = f ^ j 



(4.10) 



Result (4.9) can be derived inductively from (4.6). The results (4.9) and (4.10) can both be derived 
also from the theorem itself. 

The points of sets Q and R determine uniquely another set of A points T={T U 7 1 2 , . . ., 7 1 /,}; 
where Tj is the point of which Q h -j+\ is the projection on the X axis and Rj the projection on the 
Y axis. 

The broken line OTi T> . . . T/, corresponds to an ordered partition of the vector (m, k) 
into exactly A nondegenerate parts. 1 Hence the sum in (4.8) can be interpreted as the number 
of such partitions of the bipartite number (m, k) . 



1 Gupta, H., Graphic Representation of a Partition of a /Partite Number. Research Bulletin (N.S.), Panjab University, 10, 189-196 (1959). 
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h = 2 




s^****^*****************************^ 
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h = 2 
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